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Abstract: We consider non-linear massive gravity with two Stu¨ckelberg fields in
which the diffeomorphism invariance is broken spontaneously in two of the spacetime
directions. This theory admits a charged anti-de Sitter black brane solution and has
recently been used in holographic context as a bulk description of a boundary field
theory with momentum dissipation. Here we study the stability of the black brane
solution. We identify the physical degrees of freedom and determine the healthy
regions of the parameter space of the theory. We find that there is a region in
parameter space, where the theory suffers from ghost instability. We recognise this as
the reason for the instability found in the previous works on holographic conductivity.
We also rederive the previous results for the holographic conductivity in a coordinate
independent way.
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1 Introduction
In the past years there has been a lot of interest in the theory of massive gravity.
Phenomenologically, the recent development has been motivated by the expectations
that a graviton with a small mass might provide a dynamical explanation of the
late accelerated expansion of our Universe. On the other hand, the revived interest
on the theoretical side is due to the considerable progress that has been made in
working out a theory that can consistently describe a massive spin-2 field. As of
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today, there is one class of Lorentz invariant massive gravity models proposed by de
Rham, Gabadadze, and Tolley (dRGT) that are believed to be healthy at least on
the Minkowski background [1] (for a recent review, see [2]).
The theory of massive gravity necessarily invokes a reference metric, usually
denoted by fµν [3]. In a diffeomorphism invariant theory the reference metric can be
treated in two ways. The first option is to attribute it to another dynamical spin-2
tensor field and treat it in the context of a bimetric theory. This is a whole separate,
although closely related, field of study with the first ghost-free Lagrangian proposed
in [4]. The other possibility is to restore the gauge invariance of the reference metric
by introducing four Stu¨ckelberg scalar fields corresponding to the Goldstone bosons
of the four broken coordinate transformations as [5–7]:
fµν = ∂µφ
A∂νφ
BfAB(φ) . (1.1)
In the latter case one retains a configuration space reference metric fAB(φ), which
sets a global symmetry of the theory given by its isometry group [8]. In principle,
the freedom in choosing the metric fAB is unlimited. Since the global symmetry sets
the isometries of the vacuum of the theory, then in most of the cases one chooses the
reference metric to be the Minkowski metric leading to a global Poincare´ symmetry.
For cosmological applications the reference metric is often set to a FRW, in particular,
de Sitter metric [8–11].
Another possibility is to change the dimension of the reference metric together
with the number of the Stu¨ckelberg scalars. Models with massive gravity and a
number of fields exceeding the number of space-time dimensions was considered
in [12, 13]. A complementary option is to reduce the number of Stu¨ckelberg fields
to be less than the dimensionality of the space-time [14]. Considering the Lorentz
invariance of the conventional 3 + 1 dimensional massive gravity a natural choice
among the possible reference metrics with reduced dimensionality is a 3-dimensional
Euclidean metric fAB = diag(1, 1, 1). This breaks the global symmetry group down
to the SO(3) group of spatial rotations and, around the vacuum, this gives rise to the
so called Lorentz violating (LV) theories of massive gravity first discussed in [6, 15]
(for a review, see [16]; for a recent work on the high energy completion of the LV
theories see [17]). Due to the absence of the φ0 field in this case, the reduced massive
gravity reproduces only a subclass of the LV theories of [15] with m20 = m
2
1 = m
2
4 = 0.
In this work we shall consider the case of a reduced massive gravity with two
Stu¨ckelberg fields previously studied in [14]. Here we extend the theory with a negative
cosmological constant and a minimally coupled U(1) gauge field.1 This theory can be
used in the context of the AdS/CFT correspondence as a gravity dual of a field theory
with broken translational invariance [19]. The resulting momentum dissipation on
the field theory side is needed in order to describe materials with finite conductivity.
1Charged black hole solutions in the full dRGT theory have been previously studied in [18].
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In a field theory with translational invariance the momentum is conserved. Therefore,
in the presence of finite charge density the system has divergent conductivity at zero
frequency due to the absence of the possibility to dissipate the current. In order
to incorporate the effects of momentum dissipation in the holographic description,
it is useful to notice that the conservation of the energy-momentum tensor in the
boundary theory arises due to the diffeomorphism invariance of the gravitational
theory in the bulk. Since the diffeomorphism invariance is broken in the unitary
gauge of the massive gravity, it is a natural candidate for a bulk description of a
boundary theory in which the momentum is not conserved. This idea was proposed
and successfully implemented by Vegh in [19] where he demonstrates numerically
that the optical conductivity in massive holography is indeed finite and exhibits a
peak at zero frequency. Further analytic studies were done in [20, 21]. The full set
of the thermo-electric transport coefficients was computed in [22, 23]. In order to
spontaneously break the diffeomorphism invariance in the bulk one can consider a
wider class of theories with scalar fields admitting spatially inhomogeneous vacuum
solutions. Some of such theories, which, however, do not include the dRGT mass
term, were used in the holographic context in [24–26]. In a recent paper [27], it was
shown that also the equations describing the perturbations of a holographic lattice
coincide with those arising in massive gravity.
In this paper we shall investigate the stability of the field perturbations around the
black brane solution used in the calculations of the conductivity in [19]. For this it is
useful to first recall what we know about the number of degrees of freedom propagated
in massive gravity with two Stu¨ckelberg fields, without adding the Maxwell field.
In [14] we performed the full Hamiltonian analysis of this theory and found that both
scalar fields induce additional propagating degrees of freedom. In combination with
the two polarisations of the massless graviton this leads to 2 + 2 = 4 propagating
degrees of freedom in total. This is different from the dRGT massive gravity, where
one naively expects 2 + 4 = 6 propagating degrees of freedom, the sixth one being the
Boulware-Deser (BD) ghost. Instead, only three combinations of the four Stu¨ckelberg
scalar fields propagate leading to 2 + 3 = 5 degrees of freedom and the absence of the
BD ghost [28]. That this is true in the dRGT theory is the best to see in the ADM
formulation in unitary gauge where all the degrees of freedom are encoded in the metric.
The principal steps of the proof can be outlined as follows. In General Relativity, only
six of the metric components enter the Lagrangian with time derivatives. This fact is
not changed by adding the graviton mass term since it contains no derivatives of the
metric. Therefore, in the absence of the diffeomorphism invariance, six is the maximal
amount of degrees of freedom that can be propagated in any sort of massive gravity.
In order to show that there is no BD ghost one has to show that the Hamiltonian
constraint is preserved and thus eliminates the sixth degree of freedom [28]. In [19]
Vegh has presented a version of this proof for the case of a degenerate reference
metric fµν = diag (0, 0, 1, 1) (this is equivalent to the case of massive gravity with two
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Stu¨ckelberg fields in unitary gauge). He finds that one of the six degrees of freedom is
eliminated due to the fact that the corresponding diffeomorphism remains unbroken.2
He also shows that the Hamiltonian constraint is preserved in the same manner as
it is preserved in the dRGT theory, thus removing one more degree of freedom. He
concludes that there are four propagating degrees of freedom in massive gravity with
the degenerate reference metric. In the diffeomorphism invariant formulation of this
theory there are only two Stu¨ckelberg fields, and the absence of the two degrees of
freedom is trivial. Hence, the issue of the BD ghost is irrelevant in massive gravity
with only two Stu¨ckelberg fields. In this paper we shall investigate the stability of the
degrees of freedom present in the reduced massive gravity together with a Maxwell
field.
In addition, we extend the previous calculation of the conductivity in the holo-
graphic framework to the diffeomorphism invariant case. For this we shall perform
the full analysis of the field perturbations. We shall do so by decomposing the
perturbations according to the irreducible representations of the isometry group. We
will derive the quadratic action in terms of the diffeomorphism invariant fields. As a
result we find that the theory propagates in total six degrees of freedom. Two of them
are the usual two tensor polarisations of the graviton, which have become massive
due to the addition of the graviton mass term. As expected, two vector degrees of
freedom are propagated by the Maxwell field, and another two vector degrees of
freedom are propagated by the Stu¨ckelberg fields. We find no propagating degrees of
freedom in the scalar sector of the perturbations. The stability of the dynamics of
these fields depends on the parameters of the theory. In particular, we find that for
the range of parameters excluded as unstable in [19–21] the vector degrees of freedom
induced by the Stu¨ckelberg fields become ghosts. As a consistency check we show
that the resulting gauge invariant equations of motion for the vector perturbations
coincide with the equations previously derived in [19–21] in the unitary gauge. Finally,
we calculate the conductivity in the gauge invariant case and show that the results
coincide with the previous calculations.
The paper is organised as follows. In section 2 we present the reduced massive
gravity coupled to a Maxwell field and review the properties of the AdS black
brane solution. In section 3 we classify the perturbations of the fields according
to the representations of the isometry group and find the diffeomorphism invariant
field variables. We derive the full quadratic action in section 4. The conductivity
calculations are presented in section 5. Section 6 is devoted to onclusions and
discussion. Since the massive gravity in [19] is written in slightly different notations,
we also present the comparison between the different notations in appendix.
2The precise statement is that the shift Nr does not appear in the mass term, see [19] for details.
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2 The model
We consider massive gravity with a negative cosmological constant and a U(1) gauge
field described by the Lagrangian:
L = 1
2
√−g
[
M2Pl (R + 2Λ)−
L2
4e2
FµνF
µν +M2Pl U(g, φ)
]
, (2.1)
where M2Pl ≡ (8piG)−1, Λ is the cosmological constant, and Fµν is the Maxwell field.
U(g, φ) is the mass potential for the graviton written as
U(g, φ) = β1 U1 + β2 U2 , (2.2)
where
U1 = [
√
I], U2 = [
√
I]2 − [
√
I 2] , (2.3)
IAB ≡ gµν∂µφA∂νφB, IAB ≡ IACfBC . (2.4)
The Greek indices µ = {t, r, x, y} are space-time indices whereas the Latin indices
run in the configuration space of the scalar fields φA. We will be working with
two Stu¨ckelberg fields φA with A = {x, y} and a reference metric fAB = δAB =
diag(1, 1). In this case IAB is a 2 × 2 matrix and its square root is defined so that√IAC
√ICB = IAB . The square brackets denote the traces of the matrix
√IAB so that
[
√I] = √IAA, [
√I2] = √IAB
√IBA. An equivalent description in terms of the matrix
Ωµν ≡
√
gµαfαν was used in [19]. The comparison to this approach is presented in
appendix B.
2.1 Black brane solution
The equations of motion of the Stu¨ckelberg scalar fields and the Maxwell field admit
the background solutions
φA = xµδAµ , At = µ
(
1− r
rh
)
. (2.5)
Variation of the action with respect to the metric gives
Rµν − 1
2
gµνR− gµνΛ + L
2
2
(
FµαF
α
ν +
1
4
gµνFαβF
αβ
)
+Xµν = 0 , (2.6)
where we have we set e = M2Pl = 1, and defined
Xµν = β1
[
Eµν − 1
2
gµν U1
]
+ β2
[(
2U1Eµν − E2µν
)− 1
2
gµν U2
]
(2.7)
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with
Eµν ≡ δ[
√I]
δgµν
=
1
4
√
ICA I−1BC
(
∂µφ
A∂νφ
B + ∂νφ
A∂µφ
B
)
, (2.8)
E2µν ≡
δ[
√I 2]
δgµν
=
1
2
√
IDA
√
ICD I−1BC
(
∂µφ
A∂νφ
B + ∂νφ
A∂µφ
B
)
, (2.9)
and I−1AB — the inverse of IAB. After substituting the black brane ansatz for the
background metric
ds2 = L2
(
dr2
f(r)r2
+
−f(r)dt2 + dx2 + dy2
r2
)
(2.10)
on the solutions (2.5), we find the following equation for the emblackening factor
f(r):
2rf ′ − 6f + 2(β1Lr + β2r2)− µ
2r4
2r2h
+ 2L2Λ = 0 . (2.11)
With the cosmological constant Λ = 3/L2 these equations admit a solution [19]:
f(r) = 1 + β1
L
2
r + β2r
2 −Mr3 + µ
2
4r2h
r4 , (2.12)
where M is a constant of integration. It can be determined by demanding that f(r)
vanishes on the horizon r = rh to be
M =
1
r3h
+
β1L
2r2h
+
β2
rh
+
µ2
4rh
. (2.13)
In the absence of the graviton mass, the solution (2.12) reduces to the AdS-Reissner-
Nordsto¨m charged black brane solution. If, instead, we keep the graviton mass term,
but set the Maxwell field to zero, i.e. µ = 0 in (2.12), then the solution reduces to
a black brane solution with zero charge. If both, the graviton mass term and the
Maxwell field are set to zero, then the solution reduces to the AdS-Schwarzschild
black hole solution.
2.2 Temperature
The temperature of this black brane solution can be found from the analytical
continuation of the metric (2.10) by setting τ = it. In order to avoid the conical
singularity of this space at the horizon, one must periodically identify the Euclidean
time τ . This corresponds to considering the dual theory at a finite temperature, given
by the inverse of the Euclidean time period. A general expression of the temperature
in terms of the emblackening factor f(r) can be written as (see, for example, [29]):
T =
|f ′(rh)|
4pi
=
12 + 4β1Lrh + 4β2r
2
h − µ2r2h
16pirh
. (2.14)
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Further thermodynamic quantities describing this solution can be derived from the
on-shell Euclidean action together with the Gibbons-Hawking boundary term and
additional counterterms accounting for the UV divergences. The details of this study
can be found in [21] (see also [30] for the study of the thermodynamic phase structure
of the model). For the purposes of this note we will need only the expression for the
temperature.
2.3 Holographic energy-momentum tensor
In [20], a phenomenological conservation law describing the momentum dissipation in
the boundary theory of the holographic massive gravity at high temperatures was
proposed:
∂t
〈
T tt
〉
= 0, ∂t
〈
T ti
〉
= −τ−1 〈T ti〉 , (2.15)
where
〈
T ab
〉
, a = {t, x, y} denotes the holographic stress-energy tensor and τ
parametrises the momentum relaxation timescale.
In the absence of the knowledge of the covariant counterterms due to the graviton
mass term (2.3) (given explicitly in (4.7)), the exact expression for the holographic
stress-energy tensor is not known. The usual statement of holographic renormalisation
is that the Ward identities for the stress-energy tensor can be derived from the
condition of the diffeomorphism invariance of the renormalised boundary action [31].
Equivalently, the Ward identities follow from the boundary expansion of the equations
of motion. A recent study of this question in the context of holographic momentum
dissipation in other theories with two scalar fields can be found in [24, 25, 32].
The reduced massive gravity with two Stu¨ckelberg fields, given in (2.1), is
diffeomorphism invariant. In principle, this allows one to perform the standard
holographic renormalisation, find the boundary counterterms, and derive the Ward
identities. The conservation equations (2.15) can also be derived in a simpler manner
from the hydrodynamic limit of the equations of motion (2.6)–(2.9). We leave this
for future work.
3 Diffeomorphism invariant perturbation theory
We consider perturbations around the background solution for the fields appearing in
the Lagrangian (2.1). These include: (i) perturbations of the metric δgµν defined as
gµν = gˆµν + δgµν , δgµν =
L2
r2
hµν , (3.1)
(ii) perturbations of the Maxwell field aµ defined as
Aµ = Aˆµ + aµ , (3.2)
and (iii) perturbations of the Stu¨ckelberg scalar fields piA, A = {x, y} = i defined as
φA = φˆA + δφA ≡ xµδAµ + piA . (3.3)
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In total, the fields δgµν , aµ, pi
A ≡ pii are parametrised by 16 components — ten
components of the metric, four components of the Maxwell field, and two components
of the Stu¨ckelberg fields. These perturbations can be classified with respect to the
irreducible representations of the two dimensional rotations in the {x, y}-plane as
scalar, vector and tensor perturbations in the following way:
scalar: htt, htr, hrr, h ≡ hii
2
, at, ar ; (3.4)
vector: hti, hri, ai, pi
i ; (3.5)
tensor: h¯ij ≡ hij − hkk
2
δij, h¯ii = 0 . (3.6)
Hence, out of the 16 fields characterising the field perturbations, there are six fields that
belong to the scalar representation, four fields with two components each that belong
to the vector representation, and two fields that belong to the tensor representation.
All of these perturbation fields transform under the space-time diffeomorphisms
xµ 7→ x˜µ = xµ + ξµ, defined by the four components of the vector ξµ. By properly
choosing the coordinate transformation ξµ we can reduce the number of fields we
are dealing with by four. Hence, we expect 12 physical degrees of freedom that
are independent of the coordinate system. In order to find these gauge invariant
combinations of the perturbations, let us consider the transformation laws of the
fields δgµν , aµ, pi
A. Under the space-time diffeomorphisms the metric perturbations
transform as perturbations of a rank two tensor:
δgµν 7→ δg˜µν = δgµν − gˆµν,γξγ − gˆµγξγ,ν − gˆνγξγ,µ . (3.7)
The perturbations of the Maxwell field transform as perturbations of a vector:
a˜µ = aµ − Aˆµ,γξγ − Aˆγξγ,µ , (3.8)
and each of the two perturbations of the Stu¨ckelberg scalar fields transforms as a
perturbation of a scalar
piA 7→ p˜iA = piA − ∂µφˆAξµ . (3.9)
From the last equation we see that by choosing ξµ = piAδµA, the scalar field pertur-
bations vanish, i.e. p˜iA = 0. This is the unitary gauge, the most widely used gauge
in massive gravity. In the case of the dRGT massive gravity with four Stu¨ckelberg
fields, this fixes the coordinate system uniquely. However, in the case of the reduced
massive gravity with only two Stu¨ckelberg fields, setting p˜iA = 0 leaves two unspecified
coordinate transformations. In this paper, instead of fixing a particular gauge we
shall work in terms of gauge invariant combinations of the fields defined below.
In what follows we shall only consider perturbations independent on the transverse
directions, i.e. δgµν = δgµν(t, r), aµ = aµ(t, r), pi
A = piA(t, r). This ansatz partially
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breaks the group of diffeomorphisms and invariance is preserved only under the
coordinate transformations with ξµ = ξµ(t, r). At quadratic level, the equations
of motion of the different representations decouple and the three sectors can be
considered separately.
3.1 Scalar perturbations
As was already said before, there are in total six components of fields which transform
as scalars under the transverse rotations: htt, htr, hrr, h, at, ar. Two combinations of
them can be set to zero by an appropriate choice of the coordinate transformations
ξt, ξr. Hence, there should be only four independent gauge invariant combinations of
the scalar perturbations. Three of them can be found to be
h¯r ≡ hrr + 1
f
(
rh′ − rf
′
2f
h
)
, (3.10)
h¯t ≡
(
1
f
X
)′
− 2
f
Y˙ , (3.11)
a¯ ≡ a′t − a˙r +
Aˆ′t
2f
X + Aˆ′t
(r
2
h
)′
, (3.12)
where we have introduced the short hand notations
X = htt +
(
f +
rf
2
)
h , Y = htr +
r
2f
h˙ . (3.13)
In principle, there should be one more independent gauge invariant combination of
the metric and Maxwell field perturbations. However, we will see below that due to
the U(1) symmetry of the Maxwell theory the components at, ar enter the equations
of motion only in the combination a¯. Hence, the set of the diffeomorphism invariant
fields presented above is sufficient in order to describe the perturbations of our model
(2.1).
In case one would want to choose some coordinate system in a way that entirely
fixes the gauge freedom of ξt and ξr, it is useful to observe that under the diffeomor-
phisms h 7→ h˜ = h+ 2ξr/r, X 7→ X˜ = X + 2f ξ˙t, and Y 7→ Y˜ = Y + fξt′. Convenient
choices for the gauge fixing would therefore be to set h = 0, X = 0 or h = 0, Y = 0.
We will, however, not fix the gauge here, but rewrite the equations of motion for the
metric perturbations in terms of the gauge invariant fields h¯t, h¯r, a¯.
3.2 Vector perturbations
In the vector sector there are four fields hti, hri, ai, pi
i, each with two components, and
two coordinate transformations ξi. We therefore expect, in total, six gauge invariant
fields organised in three vectors of two components each. We find immediately that
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the vector ai is invariant under the coordinate transformations, and, hence is the first
gauge invariant vector. We then also find that the combinations
h¯i ≡ h′ti − h˙ri , (3.14)
p¯iir ≡ (pii)′ − hri , (3.15)
p¯iit ≡ p˙ii − hti (3.16)
are all diffeomorphism invariant and are related to each other as
˙¯piir − (p¯iit)′ = h¯i . (3.17)
In principle, all three fields p¯iir, p¯i
i
r, h¯i appear in the equations of motion. However,
one can always eliminate one of them by using the above relation. We then have
three independent vector fields — ai and two out of {h¯i, p¯iir, p¯iit} — representing in
total six independent field components.
3.3 Tensor perturbations
The tensor perturbations h¯ij are invariant under the diffeomorphism transformations
and correspond to the two helicity-two degrees of freedom of the graviton.
4 Quadratic action
In this section we shall derive a quadratic action for the gauge invariant perturbations
around the black brane solution. In order to expand the Einstein action up to the
second order in perturbations, we need the second order expansions for the inverse
metric perturbations and the perturbations of the square root of the determinant of
the metric. These are known to be
δgµν = −h˜µν + h˜µαh˜να +O(h˜3) , (4.1)
√−g =
√
−gˆ
(
1 +
1
2
h˜− 1
4
(
h˜µν h˜µν − 1
2
h˜2
))
+O(h˜3) , (4.2)
where h˜µν ≡ L2/r2hµν , and the indices of h˜µν are raised with the background metric
gˆµν so that h˜
µν = gˆµαgˆνβh˜αβ. The second order gravitational action is
L(2)GR =
1
2
√
−gˆ
(
1
2
∇µh˜αβ∇αh˜µβ − 1
4
∇µh˜αβ∇µh˜αβ + 1
4
∇αh˜∇αh˜− 1
2
∇βh˜αβ∇αh˜
+h˜µαh˜ναRˆµν −
1
2
h˜h˜µνRˆµν − 1
4
(
2Λ + Rˆ
)(
h˜µν h˜µν − 1
2
h˜2
))
, (4.3)
where Λ = 3/L2, and Rˆµν and Rˆ denote the background solutions for the Ricci tensor
and Ricci scalar as given by the Einstein equation (2.6).
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In order to perturb the graviton mass term, we notice that, instead of varying
the square root matrix
√IAB directly, one can rewrite the characteristic polynomials
in terms of the eigenvalues λ1, λ2 of the matrix IAB as
U1(
√
I) = tr
√
I =
√
λ1 +
√
λ2 , (4.4)
U2(
√
I) = 2 det
√
I = 2
√
λ1λ2 . (4.5)
The eigenvalues λi can be expressed in terms of the trace and the determinant of the
matrix IAB as
λ1,2 =
1
2
(
tr I ±
√
4 det I
)
. (4.6)
It follows that
U1(
√
I) =
√
tr I + 2
√
det I , U2(
√
I) = 2
√
det I . (4.7)
Thus, the variation of the graviton mass term can be written in terms of the pertur-
bations of the trace and the determinant of the matrix IAB instead of the square root
matrix
√IAB. The perturbations of IAB up to the second order read:
IAB = IˆAB + (1)δIAB + (2)δIAB +O(δ3) , (4.8)
where IˆAB = r2/L2δAB and
(1)δIAB =
(
gˆµν
(
∂µpi
AδCν + δ
A
µ ∂νpi
C
)− h˜µνδAµ δCν ) δBC , (4.9)
(2)δIAB =
(
gˆµν∂µpi
A∂νpi
C − h˜µν (∂µpiAδCν + δAµ ∂νpiC)+ h˜µαh˜ναδAµ δCν ) δBC . (4.10)
It is then straightforward to find the variations of tr I and det I and to subsequently
vary the characteristic polynomials U1 and U2 given in (4.7).
The variation of the Maxwell Lagrangian is effortless and we shall not dwell on
it here. Below we present the resulting quadratic action for the scalar, vector, and
tensor perturbations.
4.1 Scalar perturbations
By using the background equation of motion for the emblackening factor f(r) and
after numerous integrations by parts the action describing the dynamics of the four
gauge invariant scalar modes h¯r, h¯t, and a¯ can be simplified to
L = L
2
4r4
((
3 + β1Lr + β2r
2
)
f 2h¯2r +
µr4
rh
fh¯ra¯+ r
4a¯2 − 2rf 2h¯rh¯t
)
. (4.11)
This action does not contain any time derivatives and, therefore, there are no
dynamical degrees of freedom in the scalar sector of the theory. Variation of this
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action with respect to the fields a¯, h¯r, h¯t yields the following equations of motion
2
(
3 + β1Lr + β2r
2
)
fh¯r +
µr4
rh
a¯− 2rfh¯t = 0 , (4.12)
µfh¯r + 2rha¯ = 0 , (4.13)
h¯r = 0 . (4.14)
By resolving these equations we see that all the fields are equal to zero.
4.2 Tensor perturbations
The quadratic action for the diffeomorphism invariant transverse tensor perturbations
h¯xx and h¯xy we find to be
L = L
4
4r4
(
h¯xx
[
+ β1r
2L
]
h¯xx + h¯xy
[
+ β1r
2L
]
h¯xy
)
, (4.15)
where  is the scalar d’Alembert operator in the background metric gˆµν . Hence,
there are two propagating degrees of freedom h¯xy and h¯xx that satisfy the Klein –
Gordon equation in the background space-time with mass m2g(r) ≡ −β1r/(2L). These
degrees of freedom correspond to the graviton of General Relativity, which due to the
potential U(g, φ) in the gravitational action, has now acquired an effective mass. It
seems, that positive values of β1 correspond to negative graviton mass squared and
therefore will imply a tachyonic instability. However, the mass m2g(r) depends on r,
and the question of stability of the tensor mode requires a more careful analysis.
It is interesting to note that only the β1 term contributes to the graviton mass.
Hence, by setting β1 to zero, the graviton would remain massless. We expect that, in
the case when the fields depend on all space-time coordinates (not only on t and r),
also the β2 term contributes to the graviton mass.
4.3 Vector perturbations
In this work, the dynamics of the vector perturbations is of our greatest interest since
they are the most relevant for the calculations of the conductivity in the holographic
framework. We find that the quadratic Lagrangian takes the form
L = L
2
4r2f
(
m2(r)(p¯iit)
2 −m2(r)f 2(p¯iir)2 −
2µr2
rh
faih¯i + fh¯
2
i − r2f 2a′2i + r2a˙2i
)
,
(4.16)
where we have defined
m2(r) ≡ −β1L
r
− 2β2 , (4.17)
and summation over the index i is implied. We notice, that all four gauge invariant
vector fields p¯iit, p¯i
i
r, h¯i, ai introduced in the section 3.2 appear in the action. The
three fields p¯iir, p¯i
i
t, and h¯i are, however, related to each other via constraint
h¯i = ˙¯pi
i
r − (p¯iit)′ . (4.18)
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The vector indices of the fields are always contracted trivially, and in what follows we
shall suppress them in order to simplify the appearance of the expressions.
Since one expects at most two dynamical vector fields in the theory – the Maxwell
field and the helicity-one part of the massive graviton – it should be possible to
integrate out two of the four vector fields. In the case at hand, one can express h¯ in
terms of p¯it and p¯ir in the action (4.16) and then vary it with respect to a, p¯it, and
p¯ir. The resulting equations of motion do not allow to express any of the fields in
terms of the other two algebraically, without the need to invert differential operators.
However, it is possible to obtain an action for the dynamical degrees of freedom
only. For this one should note, that the fields p¯it, p¯ir, and h¯ of the gravity sector
appear in the action (4.16) without derivatives, and their dynamics is only due to
the constraint (4.18). One can instead treat these fields as independent and enforce
the constraint by adding it to the Lagrangian with a Lagrange multiplier λ:
Lλ = λ
(
h¯− ˙¯pir + (p¯it)′
)
. (4.19)
The action (4.16) together with the above constraint contains five vector fields
p¯it, p¯ir, h¯, a, and λ, all of which should be treated independently. The corresponding
equations of motion read
p¯ir =
2r2
m2(r)f
λ˙ , (4.20)
p¯it =
2r2f
m2(r)
λ′ , (4.21)
h¯ =
µr2
rh
a− 2r2λ , (4.22)
h¯ = ˙¯pir − (p¯it)′ , (4.23)
a¨i − f 2a′′i − ff ′a′i +
µf
rh
h¯i = 0 . (4.24)
The first three equations allow to solve for the fields p¯it, p¯ir, and h¯ algebraically. By
plugging the solutions back in the Lagrangian (4.16) (with the constraint term added)
we obtain a Lagrangian for the two dynamical vector degrees of freedom:
L = L2
(
1
4f
a˙2 − f
4
(a′)2 +
r2
m2(r)f
λ˙2 − r
2f
m2(r)
(λ′)2 − r2
(
λ− µ
2rh
a
)2)
. (4.25)
The two vector degrees of freedom in this Lagrangian are mixed only through the
“mass term”. However, the derivative terms come with different r-dependent factors
and it is impossible to diagonalise all three quadratic forms corresponding to time
derivatives, spatial derivatives, and masses simultaneously. The Lagrangian (4.25)
also shows that only one linear combination of the fields, namely the one corresponding
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Figure 1: Stability of the vector modes in the parameter space for the case rh = L.
The shaded region corresponds to the positive definite kinetic term of the vector
modes and the absence of ghost instability. The dashed line corresponds to the “wall
of stability” found in [19].
to the original variable h¯, (cf. (4.22)), appears in the mass term.3 It was noted in [21],
that for time-independent configurations this implies the existence of a quantity that
does not depend on r.
From the Lagrangian (4.25) one can see that the sign of the kinetic term for the
field λ, descending from the gravity sector, is determined by the sign of the function
m2(r). If m2(r) becomes negative anywhere in the region 0 ≤ r ≤ rh the field λ
suffers from the ghost instability. Since λ is coupled to the Maxwell field a, which
has positive definite kinetic term, the instability shows up in the solutions of the
equations of motion. This is exactly the instability found previously numerically
in [19] and analytically in [20] and [21]. The absence of ghost instability in the vector
sector puts the following constraint on the parameters of the theory:
m2(r) ≡ −β1L
r
− 2β2 ≤ 0 for 0 ≤ r ≤ rh . (4.26)
It implies non-trivial conditions on the mass parameters β1 and β2:
β1 ≤ 0 , β2 ≤ − L
2rh
β1 . (4.27)
These constraints are presented in figure 1 for a particular choice of the black brane
horizon location rh = L that is used in the conductivity calculations. The dashed line
3We would like to emphasise that the “mass” here is not quite what one understands under a
mass of a scalar field in curved background. If this would be the case, the equations of motion
should take the form φ−m2φ = 0. The equations (4.28) and (4.29) can be recast in such form by
redefining the fields a and λ. However, in this case the mass term becomes more complex and, in
general, has two non-vanishing eigenvalues.
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represents the “wall of stability” found in [19], which corresponds to the vanishing of
m2(r) on the horizon.
4.3.1 Equations of motion
From the Lagrangian (4.25) one obtains two second order equations for a and λ
(fa′)′ − a¨
f
=
r2µ2
r2h
a− 2r
2µ
rh
λ , (4.28)
1
r2
(
r2f
m2
λ′
)′
− λ¨
fm2
= λ− µ
2rh
a , (4.29)
with a coupled “mass term” with the mass matrix
M =
(
r2µ2
r2h
−2r2µ
rh
− µ
2rh
1
)
. (4.30)
This matrix has a vanishing determinant. In unitary gauge the equation (4.20) for
the ith component of the vector fields becomes
λ˙i = −m
2f
2r2
hri . (4.31)
Upon inserting this in equations (4.28) and (4.29) we recover the unitary gauge
equations of motion as presented in [21].
The original gauge invariant vector fields p¯it, p¯ir, and h¯ are then determined by
the solutions for a and λ using the equations (4.20)–(4.22). These equations are
derived in appendix A.2 and are given in equations (A.10)–(A.13). We shall use these
equations in order to compute the conductivity in the next section.
5 Conductivity
Recently, massive gravity with two Stu¨ckelberg fields has been successfully used in
order to describe the transport properties in materials with broken translational
invariance via the AdS/CFT correspondence. By considering this type of massive
gravity as the bulk gravitational theory on the black brane background, the calculated
conductivity in the holographic framework is finite. This is different from the same
calculation performed in the Einstein-Maxwell theory, where the diffeomorphism
invariance in the bulk implies a translational symmetry in the field theory thus
leading to infinite conductivity [29]. Instead, in massive gravity the background
solutions for Stu¨kelberg fields break the space-time diffeomorphisms, which allows for
momentum dissipation in the boundary theory and renders the conductivity finite [19].
In this section we shall generalise these calculations to the diffeomorphism invariant
case of massive gravity with two Stu¨ckelberg fields. From the boundary field theory
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point of view the Stu¨ckelberg fields induce new degrees of freedom, whose background
values break the translational invariance (cf. [27]).
The conductivity in AdS/CFT correspondence is calculated in the framework
of the linear response theory. For a detailed reference on the calculation of the
conductivity in the holographic framework see [29]. Here we shall present only the
basic formulae needed for the calculations. At the background level of AdS/CFT, a
boundary value of a bulk field gives rise to a background source for a corresponding
dual field theory operator. In particular, the background bulk fields — the metric gˆµν
and the Maxwell field Aˆµ — are sources for the energy-momentum tensor Tµν and the
current Jµ in the field theory. Considering small inhomogeneous perturbations around
the background solutions allows us to find the retarded Green’s function, which is
defined to linearly relate the sources and the corresponding expectation values of the
field theory operators. In the frequency space this relation can be stated as
δ 〈OA〉 (ω, k) = GROAOB(ω, k)δφ
(0)
B (ω, k) , (5.1)
where we have collectively denoted the field theory operators as OA = {Tµν , Jµ, . . . }
and the boundary fields as φ
(0)
B = {g(0)µν , A(0)µ , . . . } with the superscript (0) indicating
that the fields are evaluated at the AdS boundary, located at r = 0. From the retarded
Green’s function of the transverse current Ji we can determine the conductivity that
relates the current density in a material to the electric field by the Kubo formula
σ(ω) =
1
iω
GRJiJi(ω) . (5.2)
In terms of the Fourier space field components defined as
h¯i(t, r) ≡ h(r)eiωt , (5.3)
p¯iir(t, r) ≡ −
r2
f(r)
pi(r)eiωt , (5.4)
ai(t, r) ≡ a(r)eiωt , (5.5)
the retarded Green’s function of the Maxwell field is given by
GRJ J(ω) =
a′
a
∣∣∣∣
r=0
. (5.6)
In the above expressions we have suppressed the transverse index i for notational
simplicity. The presented results are valid for both x and y directions independently.
In order to find the response of the theory to small perturbations of the electrical
field we need to find the solution of the equations of motion for the perturbations
ai. The field ai satisfies a set of coupled differential equations (A.10)–(A.13) given
in the appendix. We see that the equation (A.10) is just a constraint equation
relating the three fields and can be used in order to eliminate one of the fields. In
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order to be able to compare to the results obtained previously in the unitary gauge,
we would like to obtain a system of two coupled equations for the fields p¯iir and ai.
This is because in unitary gauge, when the Stu¨ckelberg field perturbations are set
to zero, i.e. piiunitary = 0, the gauge invariant fields are written as p¯i
i
r = −hunitaryri
and ai = a
unitary
i . Hence, we can directly compare the resulting equations for the
diffeomorphism invariant fields p¯ii and ai to the equations for the field perturbations
hunitaryri and a
unitary
x in the unitary gauge, previously derived in [19]. This can be easily
done after we substitute the ansatz (5.3). After setting L = rh = 1 we obtain the
following equations of motion
ωh− µr2ωa− i
r
f(β1 + 2rβ2)pi = 0 , (5.7)
r2
ωf
(−f [ω (fa′′ + f ′a′)− iµr(β1 + 2rβ2)pi] + (−ω3 + µ2r2ωf) a) = 0 , (5.8)
−r(β1 + 2rβ2) [f (r(β1 + 2rβ2)pi′′ + (β1 + 4rβ2)pi′) + r(β1 + 2rβ2)f ′pi′]−
− [r2ω2(β1 + 2rβ2)2 − β21f 2 + r(β1 + 2rβ2)f ((β1 + 2rβ2)2 − β1f ′)] pi +
+iµr2ω(β1 + 2rβ2)
2fa = 0 . (5.9)
The last two equations can be solved numerically. For the regularity of the fields, we
impose ingoing boundary conditions at the event horizon so that
pi(r), a(r) ∼ e−iω/(4piT ) log(1−r) , (5.10)
where T is the temperature of the black hole defined in equation (2.14). From here
we see that near the horizon the fields oscillate with an increasing frequency. This is,
however, only due to the fact that we are working in a coordinate system in which the
metric is singular at the horizon. For numerical stability we remove these near-horizon
oscillations by choosing the following ansatz [29]:
pi(r) = f(r)−iω/(4piT )P (r) , a(r) = f(r)−iω/(4piT )A(r) . (5.11)
In order to maintain the ingoing boundary conditions (5.10) we require that in the
vicinity of the horizon the functions P (r) and A(r) can be expanded in positive
powers of (1− r) as:
P (r)|r→1 = Phor(r) ≡ p0 + p1(r − 1) + p2(r − 1)2 + . . . , (5.12)
A(r)|r→1 = Ahor(r) ≡ a0 + a1(r − 1) + a2(r − 1)2 + . . . . (5.13)
The expansion coefficients pi and ai are determined by the near-boundary expansion
of the equations of motion. In particular, Ahor(1) = a0, A
′
hor(1) = a1, and Phor(1) =
p0, P
′
hor(1) = p1. Here we shall estimate only these first two expansion coefficients.
For this one only needs to consider the zeroth order expansion of the equations (5.8),
(5.9) since they depend on a0, p0, a1, p1. By replacing a0 → A(1), a1 → A′(1), p0 →
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Figure 2: The real and imaginary part of the electrical conductivity. The parameters
are set to β1 = −1, β2 = 0, µ = 1.724.
P (1), p1 → P ′(1) these equations can be used as ingoing boundary conditions. We
also impose normalizability conditions at the boundary A(0) = 1, P (0) = 0. These
are necessary because otherwise the field P (r) diverges at the boundary.
Finally, we numerically solve the equations (5.8) and (5.9) with the ansatz (5.11)
and ingoing boundary conditions at the horizon r = 1 and normalizable boundary
conditions at the boundary r = 0 for the functions A(r) and P (r). The conductivity
can then be found by evaluating the expression (5.2) near the boundary
σ(ω) =
1
iω
A′(r)
A(r)
∣∣∣∣
r→0
− β1
8piT
. (5.14)
The real and imaginary parts of the conductivity for a particular set of parameters
are shown in figure 2. In order to be able to compare to previous results we have
chosen the parameter values used in [19]. As we see from the figure, the real part of
the conductivity exhibits the so-called Drude peak at zero frequency, which translates
into the finiteness of the imaginary part of the conductivity. For comparison, in
Einstein-Maxwell theory, the imaginary part of the conductivity has a pole at ω = 0
and thus the real part of the conductivity is a delta function at ω = 0. This is a
standard AdS/CFT result and is a well-known mismatch between the AdS/CFT
predictions and the properties of real materials [29]. Hence, considering the reduced
massive gravity as the gravitational theory in the bulk provides a framework of
describing the momentum dissipation in the boundary field theory.
6 Conclusions
In this work we have investigated the stability of the black brane solution in the
reduced massive gravity with two Stu¨ckelberg fields. The interest in this question
has arisen due to the recent idea that massive gravity with a degenerate reference
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metric can be used in order to incorporate momentum dissipation in holographic
models [19]. The previous work on this topic has been done in the unitary gauge
where the diffeomorphism invariance is broken in the direction of the transverse
coordinates {x, y}. In this paper, we restore the diffeomorphism invariance in massive
gravity by introducing two Stu¨ckelberg fields — the Goldstone bosons of the broken
coordinate transformations.
Many aspects of the massive gravity with two Stu¨ckelberg fields have been
investigated earlier in our work [14]. In particular, we have argued that this theory
can be viewed as General Relativity with two minimally coupled scalar fields. As
such, this type of massive gravity propagates four degrees of freedom — two degrees
of freedom of the helicity-two graviton and two degrees of freedom induced by the
two scalars. By adding the gauge field, the total number of the dynamical degrees of
freedom we expect raises to six — the four of massive gravity and two of the Maxwell
field. In this paper we have identified these degrees of freedom in a gauge invariant
formulation and explored their stability.
We have analysed the homogenous perturbations of the black brane solution in
terms of the irreducible representations of the SO(2) isometry group of the transverse
coordinates. This allows us to split the field perturbations in scalar, vector, and
tensor representations. In order to address the question of stability, we study the full
quadratic action of the model. The scalar, vector, and tensor perturbations decouple
from each other in the quadratic action and can be studied separately. We find two
degrees of freedom in the tensor sector, four degrees of freedom in the vector sector,
and none in the scalar sector. This gives six degrees of freedom in total as argued
above. For inhomogeneous modes the decomposition in scalars, vectors, and tensors
is different, and their presence can introduce additional conditions for the stability of
the theory, cf. [26]. We leave this for future research.
The two components of the dynamical tensor field correspond to the two degrees
of freedom of the helicity-two graviton of the Einstein theory. Due to the dRGT-
like mass term, the graviton has become massive with a space dependent mass
m2g(r) = −β1r/2L. Up to our knowledge, the tensor components of the graviton in
the given model have not been studied elsewhere.
The story of the four degrees of freedom in the vector sector is more complex.
The four dynamical fields are stored in two two-component vector fields. We obtain
the quadratic Lagrangian (4.25) for the two propagating vector degrees of freedom.
The Lagrangian can be put in a form with diagonal derivative terms, but mixed
“mass matrix”. This was already observed earlier in [27] by studying the linearised
equations of motion. The new result that we find is that the sign in front of the
kinetic term of one of the two vector fields depends on a particular space dependent
combination of the mass parameters β1 and β2. Concretely, the condition for the
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absence of negative energy modes, i.e. ghosts, reads
m2(r) = −2β2 − β1L
r
≥ 0 .
Since this should be satisfied for every 0 ≤ r ≤ rh, it implies a constraint on the mass
parameters β1 and β2 of the form
β1 ≤ 0 , β2 ≤ − L
2rh
β1 .
Identical condition for the stability of the theory has been previously found
numerically in [19] and analytically in [20] and [21]. In the analytical studies it was
found that the relaxation time of the momentum dissipation τ is inversely proportional
to the combination m2(rh). In the case of negative m
2(rh) this would result in the
gain (instead of dissipation) of the momentum. Our findings reveal that the actual
reason for this condition is that the theory propagates a ghost unless m2(r) ≥ 0. This
is the main result of our paper. The observation that the condition m2(r) ≥ 0 has
to be satisfied for all values of r gives a new exclusion plot for the stability in the
parameter space of β1 and β2, presented in figure 1.
Finally, we show that the equations of motion for the gauge invariant fields
coincide with the equations of motion in the unitary gauge. We therefore claim that
the previous results for the holographic conductivity in massive gravity obtained in
unitary gauge in [19–21] are actually diffeomorphism invariant. For completeness we
have calculated numerically the optical conductivity to illustrate this fact. The results
are shown in figure 2. As expected, the real and imaginary parts of the conductivity
are finite and exhibit the so called Drude peak at low frequencies.
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A Perturbative equations of motion
In this section we find the first order perturbation equations from the equations of
motion (2.6). The resulting equations are equivalent to the ones derived from the
action in section 4 and, therefore, serve only as a cross check of the obtained results.
We separate the different parts of the equation of motion (2.6) as
Gµν − gµνΛ +Xµν = Tµν , (A.1)
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where Xµν is defined in equation (2.7) and
Gµν = Rµν − 1
2
gµνR , (A.2)
Tµν = −L
2
2
(
FµαF
α
ν +
1
4
gµνFαβF
αβ
)
. (A.3)
Each part can be perturbed separately. The variations of the Einstein tensor and of
the energy-momentum tensor of the Maxwell field are well known. Below we present
the main steps for the variations of the graviton mass term.
A.1 Variation of the graviton mass term
In order to find the variations of the part of the equations of motion arising from the
graviton mass term Xµν we shall first determine the perturbations of the square root
matrix
√IAB. The latter is defined so that it satisfies
√
IAC
√
ICB = IAB = gµλ∂µφA∂νφCδBC . (A.4)
Let us perturb the matrices
√IAB and IAB so that the above relation becomes(
(0)
√
IAC + (1)
√
IAC + . . .
)(
(0)
√
ICB + (1)
√
ICB + . . .
)
=(0) IAB + (1)IAB + . . . . (A.5)
By expanding both sides of the equation (A.5) and comparing the first order terms
we find that the first order perturbations of the square root matrix are determined
by the equation
δ
√
IAC
√
Iˆ
C
B +
√
Iˆ
A
C δ
√
ICB = δIAB . (A.6)
Since the background matrix IˆAB is diagonal, the above relation simplifies to
δ
√
IAB =
L
2r
δIAB . (A.7)
The variations of Xµν defined in (2.7) can then be found by using the definitions
of U1,2 and Eµν , E2µν given in equations (2.3), (2.4) and (2.8)–(2.9) together with the
variations of δIAB and δ
√IAB given in (4.9), (A.7). Below we give the final expressions
for the complete first order equations of motion for the vector perturbations in terms
of the diffeomorphism invariant variables defined in section 3.2.
A.2 Vector perturbations
The equations for vector perturbations consist from the equation of motion for the
Maxwell field, the equation of motion for the Stu¨ckelberg fields, and the (ti) and (ri)
components of the perturbed Einstein equations.
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The equations of motion for the Stu¨ckelberg fields φA we obtain by varying their
action
Sφ =
M2Plm
2
2
∫ √−g(β1U1(√I) + β2 U2(√I)) , (A.8)
By using the explicit expressions for the characteristic polynomials of the square root
matrix given in (4.7) we find the following equation of motion for the scalar fields:
δSφ
δφC
= −∂µ
[
β1
U1
√−ggµν∂νφC + 2
√−ggµν∂νφBεCAεBDIAD
(
β1
U1U2 +
2β1
U2
)]
. (A.9)
By substituting φA = xµδAµ +pi
A we obtain an equation for the scalar field perturbations
piA. After combining this equation with the equations for the Maxwell field and metric
perturbations and rewriting them in terms of the gauge invariant fields h¯i, ai, and p¯i
i
r
defined in (3.14), we arrive at the following equations of motion:
(ri) :
(
2β2 +
β1L
r
)
p¯iir +
µr2
rhf
a˙i − f−1 ˙¯hi = 0 ; (A.10)
(ai) : a¨i − f 2a′′i − ff ′a′i +
µf
rh
h¯i = 0 ; (A.11)
(p¯iir) : − ¨¯piir + ˙¯hi + f 2p¯iir ′′ +
(
3ff ′ − (3β1L+ 4β2r)f
2
r(β1L+ 2β2r)
)
p¯iir
′ +
+
(
f ′2 − −µ
2r3 + (β1L+ 2β2r)r
2
h
rr2h
f
)
p¯iir −
− 4(β1L+ β2r)ff
′
r(β1L+ 2β2r)
p¯iir +
(3β21L
2 + 12β1β2Lr + 8β
2
2r
2)f 2
r2(β1L+ 2β2r)2
p¯iir = 0 ; (A.12)
(ti), (ri) : equivalent to (p¯iir) equation . (A.13)
We see that there are two independent second order equations. Since each of the
fields has two components, then these equations describe four propagating degrees of
freedom. Two of them are the degrees of freedom of the Maxwell field and the other
two are gravitational degrees of freedom induced by the two Stu¨ckelberg fields.
B Comparison to the
√
g−1f
µ
ν formalism
In the previous works on massive holography another formalism of writing the graviton
mass term has been used (see [19–21]). In particular, the potential for the graviton
in action (2.1) was written as
U(g, φ) =
4∑
i=1
βi Ui(Ω) , (B.1)
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where as before Ui(X) are the characteristic polynomials of some matrix Xµν defined
as U1 = [X] , U2 = [X]2 − [X2] , and
U3 = [X]3 − 3 [X]
[
X2
]
+ 2
[
X3
]
, (B.2)
U4 = [X]4 − 6
[
X2
]
[X]2 + 8
[
X3
]
[X] + 3
[
X2
]2 − 6 [X4] , (B.3)
where [X] ≡ Xµµ, [X2] ≡ XµνXνµ, . . . . In distinction from section 2, the matrix Ω is
defined as Ωµν ≡
√
gµαfαν ≡
√
g−1f
µ
ν
. 4 This is a 4 × 4 matrix with the reference
metric fµν parametrized by the Stu¨ckelberg fields as fµν = ∂µφ
A∂νφ
BfAB(φ) where
fAB is the reference metric in the configuration space of scalar fields.
In [19] a degenerate reference metric was considered such that in the unitary
gauge it takes the form
fµν = diag(0, 0, c
2, c2) , (B.4)
where c is a constant and the spacetime index µ = {t, r, x, y}. Rewritten in a
diffeomorphism invariant form this is equivalent to working with only two Stu¨ckelberg
fields φA, A = {2, 3} with a reference metric fAB = δAB = diag(1, 1) as was done in
this paper. In the case of a degenerate reference metric (B.4), the matrix Ωµν has only
two non-zero eigenvalues and therefore the characteristic polynomials U3(Ω), U4(Ω)
vanish, and the graviton mass term reduces to
U(g, φ) = β1 U1 + β2 U2 . (B.5)
The reference metric fµν takes the diagonal form (B.4) only on the background
solution
φˆA ≡ c xµδAµ . (B.6)
If one considers perturbations of the Stu¨ckelberg fields defined as piA ≡ φA − φˆA, the
field fµν is different from (B.4). By performing an infinitesimal coordinate transfor-
mation the scalar field perturbations can be set to zero. This is the unitary gauge.
By working in the unitary gauge we fix two out of four coordinate transformations
and therefore the resulting theory has a partially broken diffeomorphism invariance.
The background solution of the metric is determined by the equation of mo-
tion (2.6) with Xµν defined as
Xµν = −β1
2
(gαβ U1 − Ωαβ)− β2
(
Ω2αβ − [Ω] Ωαβ +
1
2
gαβ U2
)
. (B.7)
To derive this expression we have used the following relations and notations:
Ωαβ ≡ Ωγ(βgγα) , Ω2αβ ≡ ΩγνΩν(βgγα) ,
δ [Ωn]
δgαβ
=
n
2
Ωnαβ . (B.8)
These equations of motion for the background metric are equivalent to the ones
obtained in section 2.1 and, hence, they admit the same AdS black brane solution
given in equations (2.10) and (2.12).
4The field Ωµν equals to the Kµν of [19].
– 23 –
B.1 Perturbations of the graviton mass term
In order to find the first order perturbation of the equations of motion we consider
the parts due to the Einstein gravity, Maxwell term, and graviton mass separately.
The variation of the Einstein tensor and the Maxwell energy-momentum tensor is
standard. The only non-trivial step is the variation of the terms arising from the
graviton mass. For completeness we present the main steps of the derivation below.
We shall first find the perturbations of the square root matrix Ωµν defined as
Ωµα Ω
α
ν = g
µλfλν . (B.9)
By perturbing the matrices Ωµν , g
µν and fµν the above relation becomes(
(0)Ωµα +
(1)Ωµα + . . .
) (
(0)Ωαν +
(1)Ωαν + . . .
)
= gµλfλν
=
(
(0)gµλ + (1)gµλ + . . .
) (
(0)fλν +
(1)fλν + . . .
)
.
After expanding both sides of the equation and comparing the terms of the same order
in perturbations one finds recursive relations which allow one to find the perturbative
expansion of the square root matrix order by order. Since here we are interested only
in the perturbations up to linear order, then we denote δΩµν ≡ (1)Ωµν , δgµν ≡ (1)gµν ,
and δfµν ≡ (1)fµν . The perturbations of the square root matrix are then determined
by the equation
δΩµα Ωˆ
α
ν + Ωˆ
µ
α δΩ
α
ν = δg
µα fˆαν + gˆ
µα δfµν . (B.10)
Around the background solution (B.6) of the Stu¨ckelberg scalar fields φA the reference
metric fµν = ∂µφ
A∂νφ
BδAB can be expanded as
fµν = fˆµν + δfµν +O(pi2) = c2δAµ δBν δAB + c
(
δAµ ∂νpi
B + ∂µpi
AδBν
)
δAB +O(pi2) .
Hence, on the background (2.10) the square root matrix Ωµν equals to Ωˆ
µ
ν = (cr/L)δ
µ
Aδ
A
ν .
By defining the metric perturbations as gµν = gˆµν + δgµν and the corresponding first
order perturbations of the inverse metric as δgµν = −gˆαµgˆβνδgαβ, we arrive at the
expression for the first order perturbations of the square root matrix
δΩµν =

δΩtt δΩ
t
r
cL
r
δgtx cL
r
δgty
δΩrt δΩ
r
r
cL
r
δgrx cL
r
δgry
0 0 cL
2r
δgxx + r
L
∂xpi
x cL
2r
δgxy + r
2L
(∂ypi
x + ∂xpi
y)
0 0 cL
2r
δgxy + r
2L
(∂ypi
x + ∂xpi
y) cL
2r
δgyy + r
L
∂ypi
y

. (B.11)
Here the upper index denotes the row, and the down index denotes the column of the
matrix δΩµν . We note, that the components in the upper left 2 × 2 matrix are not
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determined by the equations (B.10) due to the degeneracy of the background values
of Ωˆµν and fˆµν . It is therefore why the variables IAB = gµν∂µφA∂νφB seem to be a
better choice for writing the Lagrangian for the graviton mass term. The equations
of motion in the unitary gauge however are the same in both cases.
With (B.11) at hand it is then straightforward to find the variation of the
equations of motion arising from the graviton mass term Xµν . The only subtlety is
to symmetrize the variations δΩµν and δΩ
2
µν in µ and ν.
B.2 Final equations
We use the ansatz, where only the sector of vector perturbations in one of the
transverse directions is considered
δgµν =

0 0 δgtx(r) 0
0 0 δgrx(r) 0
δgtx(r) δgrx(r) 0 0
0 0 0 0
 eiωt , aµ = (0, 0, ax(r)eiωt, 0) , (B.12)
where aµ ≡ Aµ − Aˆµ is the perturbation of the Maxwell field. The only non-
zero contribution due to the variations of the Einstein tensor arise in the following
components of the Einstein equations
(tx) : − δgtx
[−2r2r2hf ′′ + 8rr2hf ′ − 16r2hf + 4β1cLrr2h + 4β2c2r2r2h +
+ 12r2h + µ
2r4
]
+ 2rrhf
[
L2µra′x + rh (irωδg
′
rx − 2δg′tx − rδg′′tx)
]
= 0 ;
(rx) : δgrxfr
2
h
[
−2r2f ′′ + 8rf ′ − 12f + 4β1cLr + 4β2c2r2 + µ
2r4
r2h
+ 12
]
+
+ 2δgrxr
2r2hω
2 + 2irr2hω (2δgtx + rδg
′
tx)− 2iL2µr2rhωax = 0 .
The non-zero contributions to the components (tt), (rr), (tr), (xx), (yy) are entirely
do to the variation of Xµν . These allow one to set the undetermined components δΩ
t
t,
δΩrr, δΩ
r
t , δΩ
t
r to zero. The above equations coincide with the equations presented
in [19] (with F = m2 = 1 and α = β1, β = β2) after we rescale the Maxwell field
perturbations as ax → 2ax. This difference was also noted in [20]. Combining these
equations with the equation of motion for the Maxwell field (A.11) allows one to
eliminate δgtx. Then, upon replacement δgrx = δg˜rx/f(r) and identification δg˜rx = pi
and ax = a, the resulting equations are equivalent to equations (5.8) and (5.9).
References
[1] C. de Rham, G. Gabadadze and A. J. Tolley, “Resummation of Massive Gravity,” Phys.
Rev. Lett. 106 (2011) 231101 [arXiv:1011.1232 [hep-th]]
[2] C. de Rham, “Massive Gravity,” Living Rev. Rel. 17 (2014) 7 [arXiv:1401.4173 [hep-th]]
– 25 –
[3] D. G. Boulware and S. Deser, “Can gravitation have a finite range?,” Phys. Rev. D 6
(1972) 3368
[4] S. F. Hassan and R. A. Rosen, “Bimetric Gravity from Ghost-free Massive Gravity,”
JHEP 1202 (2012) 126 [arXiv:1109.3515 [hep-th]]
[5] N. Arkani-Hamed, H. Georgi and M. D. Schwartz, “Effective field theory for massive
gravitons and gravity in theory space,” Annals Phys. 305 (2003) 96 [hep-th/0210184]
[6] S. L. Dubovsky, “Phases of massive gravity,” JHEP 0410 (2004) 076 [hep-th/0409124]
[7] A. H. Chamseddine and V. Mukhanov, “Higgs for Graviton: Simple and Elegant
Solution,” JHEP 1008 (2010) 011 [arXiv:1002.3877 [hep-th]]
[8] L. Alberte, “Massive Gravity on Curved Background,” Int. J. Mod. Phys. D 21 (2012)
1250058 [arXiv:1110.3818 [hep-th]]
[9] C. de Rham and S. Renaux-Petel, “Massive Gravity on de Sitter and Unique Candidate
for Partially Massless Gravity,” JCAP 1301 (2013) 035 [arXiv:1206.3482 [hep-th]]
[10] D. Langlois and A. Naruko, “Cosmological solutions of massive gravity on de Sitter,”
Class. Quant. Grav. 29 (2012) 202001 [arXiv:1206.6810 [hep-th]]
[11] M. Sasaki, D. h. Yeom and Y. l. Zhang, “Hartle-Hawking no-boundary proposal in
dRGT massive gravity: Making inflation exponentially more probable,” Class. Quant.
Grav. 30 (2013) 232001 [arXiv:1307.5948 [gr-qc]]
[12] G. Gabadadze, K. Hinterbichler, J. Khoury, D. Pirtskhalava and M. Trodden, “A
Covariant Master Theory for Novel Galilean Invariant Models and Massive Gravity,”
Phys. Rev. D 86 (2012) 124004 [arXiv:1208.5773 [hep-th]]
[13] M. Andrews, G. Goon, K. Hinterbichler, J. Stokes and M. Trodden, “Massive Gravity
Coupled to Galileons is Ghost-Free,” Phys. Rev. Lett. 111 (2013) 6, 061107
[arXiv:1303.1177 [hep-th]]
[14] L. Alberte and A. Khmelnitsky, “Reduced Massive Gravity with Two Stu¨ckelberg
Fields,” Phys. Rev. D 88 (2013) 064053 [arXiv:1303.4958 [hep-th]]
[15] V. A. Rubakov, “Lorentz-violating graviton masses: Getting around ghosts, low strong
coupling scale and VDVZ discontinuity,” hep-th/0407104
[16] V. A. Rubakov and P. G. Tinyakov, “Infrared-modified gravities and massive
gravitons,” Phys. Usp. 51 (2008) 759 [arXiv:0802.4379 [hep-th]]
[17] D. Blas and S. Sibiryakov, “Completing Lorentz violating massive gravity at high
energies,” arXiv:1410.2408 [hep-th]
[18] Y. F. Cai, D. A. Easson, C. Gao and E. N. Saridakis, “Charged black holes in
nonlinear massive gravity,” Phys. Rev. D 87 (2013) 6, 064001 [arXiv:1211.0563 [hep-th]]
[19] D. Vegh, “Holography without translational symmetry,” arXiv:1301.0537 [hep-th]
[20] R. A. Davison, “Momentum relaxation in holographic massive gravity,” Phys. Rev. D
88 (2013) 086003 [arXiv:1306.5792 [hep-th]].
– 26 –
[21] M. Blake and D. Tong, “Universal Resistivity from Holographic Massive Gravity,”
Phys. Rev. D 88 (2013) 10, 106004 [arXiv:1308.4970 [hep-th]].
[22] A. Amoretti, A. Braggio, N. Maggiore, N. Magnoli and D. Musso, “Thermo-electric
transport in gauge/gravity models with momentum dissipation,” JHEP 1409 (2014)
160 [arXiv:1406.4134 [hep-th]]
[23] A. Amoretti, A. Braggio, N. Maggiore, N. Magnoli and D. Musso, “Analytic DC
thermo-electric conductivities in holography with massive gravitons,” arXiv:1407.0306
[hep-th]
[24] T. Andrade and B. Withers, “A simple holographic model of momentum relaxation,”
JHEP 1405 (2014) 101 [arXiv:1311.5157 [hep-th]]
[25] M. Taylor and W. Woodhead, “Inhomogeneity simplified,” arXiv:1406.4870 [hep-th]
[26] M. Baggioli and O. Pujolas, “Holographic Polarons, the Metal-Insulator Transition
and Massive Gravity,” arXiv:1411.1003 [hep-th]
[27] M. Blake, D. Tong and D. Vegh, “Holographic Lattices Give the Graviton an Effective
Mass,” Phys. Rev. Lett. 112 (2014) 7, 071602 [arXiv:1310.3832 [hep-th]].
[28] S. F. Hassan and R. A. Rosen, “Resolving the Ghost Problem in non-Linear Massive
Gravity,” Phys. Rev. Lett. 108 (2012) 041101 [arXiv:1106.3344 [hep-th]]
[29] S. A. Hartnoll, “Lectures on holographic methods for condensed matter physics,”
Class. Quant. Grav. 26 (2009) 224002 [arXiv:0903.3246 [hep-th]].
[30] A. Adams, D. A. Roberts and O. Saremi, “The Hawking-Page Transition in
Holographic Massive Gravity,” arXiv:1408.6560 [hep-th]
[31] M. Bianchi, D. Z. Freedman and K. Skenderis, “Holographic renormalization,” Nucl.
Phys. B 631 (2002) 159 [hep-th/0112119]
[32] R. A. Davison and B. Goutraux, “Momentum dissipation and effective theories of
coherent and incoherent transport,” arXiv:1411.1062 [hep-th]
– 27 –
